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0 = - - — ( + —prd<p\ 2/
(12)

However, as shown in Refs 1 and 3, / is essentially inde-
pendent of <p except very near the radial vane surface
Hence, as a first approximation, one may assume that / is
independent of <p This is equivalent to assuming that all
viscous effects are confined to the boundary layer near the
vane surface

With / a constant, the velocity is independent of £>, and
it can be shown that the magnetic field is also independent of
<p Elimination of J from Eqs (3) and (6), taking the curl
of the resulting expression, and utilizing Eq (5) yields

V2B + X (V XB) = 0 (13)

By use of the previously stated assumptions, Eq (13) re-
duces to

d2B IdB _ ru-j
dr2 r dr r dr

Reference 4 shows that / = — r\umaK
define a magnetic Reynolds number by1 3

r> . I / , , I / "
•Km == MO^I ^max| -̂

Then Eq (14) becomes

dB

0 (14)

Let r = £L, and

(15)

^ + (7 + ̂ ) ^ = 0 (16)

Integrating once with the boundary condition1 that at £ =
10

= -RmBQ

where B0 is the initially applied magnetic field, one obtains

dB/BQ = -(Rm/Se*^1-® d£ (17)

The solution of this equation,5 with the boundary condition
that£ - £0at£ = lO^is

B/BQ [Ei(-Rm) - Ei(-Rm£)]RmeR™ (18)
Equation (18), which is a much simpler expression than

that given in Refs 1 and 3, is valid for all magnetic Reynolds
numbers and involves no more work than looking up previ-
ously tabulated functions (e g , Ref 6)

Results and Discussion
The magnetic field ratio for several magnetic Reynolds

numbers is shown in Fig 2 as a function of the ratio of the
inner to outer radius of the annulus The results of Refs
2 and 3 also have been included for comparison The Rm =
0 8,1 0, and 2 0 curves were computed by numerical methods,2
while the Rm = 0 2 and 0 6 curves were obtained by an
analytic solution3 involving a series expansion in Rm Note
that the simple approximate solution given by Eq (18) is in

Fig 2 Magnetic field
ratio

80

7.0
o

00
m 60

£ 4 0
O

y 30

S 20

10

EQUATION 18)
———REF 2
— -REF 3

good agreement with the results of Ref 2, as well as those of
Ref 3 for small Rm The results of Ref 3 diverge consider-
ably from Eq (18) with increasing Rm However, as noted
previously, Eq (18) is valid for all Rm, whereas the results of
Ref 3 are not Thus, Fig 2 shows that the solution given
by Ref 3 is apparently limited to very small values of mag-
netic Reynolds number

It is seen in Fig 2 that quite substantial increases in mag
netic field can be obtained, even with a small-sized device
and with rather low fluid velocities Assuming that the
conducting fluid is liquid sodium, that wmax = 03 m/sec,
and that L = 0 3 m, Rm is approximately 1 1 The corre-
sponding conventional Reynolds number is approximately
44 X 105, indicating that the viscous effects are indeed con-
fined to a thin layer near the vane surface The limits on
generated fields, as well as practical considerations such as
viscous and ohmic dissipation, are discussed in Ref 3

After this work was nearly completed, it was discovered
that the same inviscid approximation as that above had been
made in Ref 7, leading to an equation identical to Eq (16)
In Ref 7, however, a solution was obtained using the bound-
ary condition that all magnetic flux lines were limited to
the region inside the outer radius of the annulus For large
Rm, this would lead to prohibitively large current densities
in a narrow region near the inner radius The boundary
condition used hi Refs 1 and 3, as well as in the present
work, is that the magnetic field at the outer radius is equal
to the applied field This implies that the magnetic flux
lines return in a region exterior to the hydromagnet annulus,
thereby reducing the possibility of large current densities
near the inner radius It should be pointed out that the
latter boundary condition also was used in Ref 7 to obtain
a solution (identical to Refs 1 and 3) for the case including
viscous effects
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Orbital Transfer with Minimum Fuel

W E BLEICK* AND F D FAULKNERf
U S Naval Postgraduate School, Monterey, Calif

A NOTE in this Journal1 discussed the problem of schedul-
ing the direction p of constant momentum thrust of a

rocket, which loses mass at a constant rate, so that it trans-
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fers to a known earth satellite orbit in minimum time T after
launching A numerical solution was obtained, using rec-
tangular coordinates, for the case of fixed launching condi-
tions The method of Ref 1 is extended here to solve the
problem of orbital transfer of such a rocket with minimum
fuel consumption All of the symbols, units, and end condi-
tions of Ref 1 are used here without redefinition

Statement of the Problem

The time of flight T in minimum fuel transfer must be
longer than in the minimum time transfer of Ref 1, unless
these two trajectories turn out to be identical This implies
at least one interruption in rocket thrust during mininum
fuel transfer The problem solved here assumes exactly
one such interruption, i e , launch at t = 0, thrust interrup-
tion at t = ti, thrust resumption at t = U, and final thrust
termination at transfer t = T The problem of minimum
fuel transfer is equivalent to the Lagrange calculus of vari-
ations problem of requiring the integral

(1)

to be stationary, where/ is the fuel consumption rate, \,n,Tr,p
are continua of Lagrangian multipliers, and <pi = <P2 = <p$ =
<£>4 = 0 are the first order equations of rocket motion of Ref
1 The / function and the rocket thrust per unit remaining
mass function a are defined as follows : For 0 < t < h, f = I
and a = cM/(l - Mt)g For fc < t < fc,/ = 0 and a = 0 For
t2 < t < T, f = 1 and a = cM/[l - M(t -Mi - k)]g Note
that, for U < t < T, do/dfe = — ba/dJ2 = ga?/c The varied
time subinterval endpoints in Eq (1) are taken as ti + A£i,
t2 + A£2, and T + AT The vanishing first variation 5J
and its partial integration are computed as in Ref 1 The
coefficients of 5u, 8v,8x, by, dp in 5J = Ogive the Euler equations
(2) and (3), consisting of the adjoint equations

X + TT = 0 + p = 0
(2)

TT -f- #izX + g-t JJL = 0 p + #iyX + g2y^L = 0

and the control equation

tanp = /x/X (3)

The coefficient of AT in 8J = 0 gives, with the aid of Eq (3),
the transversality condition

(a A)r = (aA.)T = 1 (4)

where the adjoint vector A = iX + j/z, A = | A = (X2 +
At2)172, and a = a(i cosp + j ship) The coefficients of AZi and
A£2 in 3J = 0 give, with the aid of Eq (4), the corner condi-
tions

0 f 3
c Jh = 0 = 0 (5)

Equations (5) are equivalent, by the definition of a, to

Afe) = Afe) (6)
and, by partial integration, to

Jtt aMt = 0 (7)

Numerical Solution

Let \i, jj,i, TTi, pi, i = 1, 2, 3, 4 be four linearly independent
solutions of the adjoint Eqs (2) corresponding to the columns
of the matrix E(t) of Ref 1 The control angle p of Eq (3)
is defined by

tanp =
(MI ~f" ^2 H~ mfj,s + 71/^4)/(Xi + /X2 -|- mXs -\- n\±) (8)

and its variation 8p is obtained in terms of 51, 8m, 8n by total

differentiation 1 The Bliss fundamental formulas are ob-
tained by assuming that a solution of the rocket motion equa-
tions (pi = <f2 = <PS = <p4 = 0 has been found, corresponding
to Eq (8), which does not necessarily satisfy the terminal
conditions at t = T or the corner condition, Eqs (5) By
using this solution and holding T fixed, but allowing h and
t2 to vary, find the variation of the vanishing matrix integral

PJo = 0 (9)

with the terminal constraints at t = T removed Since the
columns of E(t) satisfy the adjoint Eqs (2), one obtains the
system of Bliss formulas in the 1 X 4 matrix equation

[8u,8v,8x,8y]TE(T)
[Gfe) - (apF)r]AZ2 = [0,8l,5m,8n]A (10)

where the matrix A has been defined in Ref 1, and where the
matrix

G(0 = (11)

where the 2 X 4 matrix F(£) is the first two rows of E(2), and
where the matrix p = [cosp, sinp] Substitution of

[8u,8v,dx,8y]T = [U - u,V - v,X - x,Y - y]T +
[U - u,V - v,X - x,Y - y]TAT (12)

into Eq (10) gives four of the required six Newton-Raphson
equations for the determination of AjT,A^,AJ2,5Z,5m,5w. on the
varied trajectory The remaining two equations attempt
to satisfy the corner condition, Eqs (5), on the varied
trajectory Involved here are the differentials

da = 8a + ddt
*/c)dt (13)

and

= [Q,8l,8m,8n]F'pf + (X cosp + M sinp)dt (14)

where the primes on F and p indicate matrix transposition
Use of Eqs (6) and (14) yields the Newton-Raphson equation

(15)

Use of Eqs (13) and (14), and the first of Eqs (5), yields the
Newton-Raphson equation

where

(K - a

K(t) = - [a2

c -2^Y fw Jt

(16)

(17)

The iteration to successive varied trajectories, using
Eqs (10, 12, 15, and 16), may be carried out as in Ref 1
Two devices were used to stabilize the course of the iteration
The first was to adjust the m and n values of the new T,ti,t2,
l,m,n sextuple, found by solving the Newton-Raphson equa-
tions, to satisfy the corner condition Eqs (5) before pro-
ceeding with the next iteration The second device was to
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modify the [If^jU.V^X.Y^ terms in the Newton-Raphson
equations before solving these equations, so as to minimize
the sum of the squares of the elements of [U — u, V —
v, X - x, Y - y]T

The numerical example of minimum fuel transfer given
here involves the same launching conditions, mass loss param-
eters, and circular orbit used in the minimum time transfer
of Ref 1 The results for minimum fuel transfer are T —
0 353977, fc = 0 210293, U = 0 275349, I = -0 820196, m =
-0708727, n = -1 181390, and the transfer sector angle
B = 0 189345 rad Since the minimum time trajectory of
Ref 1 gave T = 0 289869, the net fuel saving in minimum
fuel transfer over minimum time transfer is measured by
0 289869-0 353977 + fe ~ k = 0 000948, or an unspectacular
•g-% Figure 1 shows the trajectories and thrust directions
for minimum time and minimum fuel transfer

The semilogarithmic plots of Fig 2 show the different be-
havior of A vs time in the two problems For some reason
there is a much greater difference than expected The
curve increases monotonically for minimum time transfer
The curve for minimum fuel shows a rather characteristic
shape It is initially large and decreasing; it then increases,
and then decreases If the final decreasing interval does not
occur, larger values of T lead to lower values of fuel consump
tion, as may be partially inferred from Eq (7)
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Hypersonic Blunt-Body Flow Fields at
Angle of Attack

RUDOLPH J SWIGART*
Lockheed Missiles and Space Company, Huntsville, Ala

I Introduction

A NEW method of solving the supersonic blunt-body prob-
lem has been developed recently by the author l This

method has proved to be as accurate as other methods in
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popular use for calculating plane-symmetric and axisymmetric
flow in the subsonic portion of the shock layei, and has the
additional advantage of being readily extendable to the calcu-
lation of flows about blunt-nosed configurations at angle of
attack

The method is an inverse one, that is, the freestream condi-
tions and shape of the detached shock wave are taken as
known, and the body shape and flow field are to be deter-
mined The success of the method rests with the rapid con-
vergence of assumed power-seiies expansions for certain flow
variables about the shock-wave axis of symmetry and about
zero angle of attack Only first order terms in angle of attack
are retained Substitution of these series into the governing
differential equations and boundary conditions reduces the
problem to integration of ordinary differential equations
that determine the series coefficients The integration can
be performed by truncating the series about the shock-wave
axis of symmetry at any desired number of terms

Reference 1 contains results for flow past inclined blunt
bodies for two shock-wave shapes at infinite freestream Mach
numbers In that report, attention is focused on the question
of whether or not the streamline that wets the body in asym-
metric flow is the one that crosses the shock at right angles
and hence has maximum entropy in the shock layer It is
pointed out that, in a properly posed method of analysis, no
assumption regarding the behavior of the maximum-entropy
streamline is required Consideration of flow past bodies
supporting parabolic (two-dimensional) and paraboloidal
(three-dimensional) shock waves at positive angle of attack
leads to the conclusion that the maximum-entropy and body
streamlines are not one and the same, the maximum-entropy
streamline passing slightly below the body in both cases
In Part I of Ref 1, prior solutions to the asymmetric prob-
lem by other investigators are discussed, and it is noted that
these solutions depend upon the assumption that the body
is wetted by the streamline of maximum entropy Indeed,
even in work published more recently than Ref 1, this as-
sumption is still being made 2

Subsequent to the work described in Ref 1, the algebra
involved has been carried out for obtaining results from the
theory of that reference for inclined bodies of arbitrary shape
(with the not too confining restriction that these bodies
support shock waves that are conic sections) at arbitrary
freestream Mach number Two computer programs have
been developed, one to calculate asymmetric flow past in-
clined two-dimensional bodies, and the other to handle
three-dimensional flow past inclined bodies supporting axisym-
metric shock waves

Several results of these computer programs are presented
in this note A critical appraisal is made of the error in-
volved in neglecting second and higher-order terms in the
angle-of-attack series by considering flow past circular and
spherical shock waves at freestream Mach numbers of in-
finity and 4 0 Since the flow past a circular or spherical
shock wave at angle should be the same as the flow past these
same shock waves at zero angle and rotated through the
angle of attack, comparison with rotated zero-angle solutions
provides an index of the error generated by neglecting higher-
order terms Flow past a 3:2 axis-ratio prolate ellipsoid of
revolution at 7 5° angle of attack is also considered, and
results for the surface pressure distribution in the vertical
symmetry plane are compared with the experiment

II Analysis

The details of analysis of asymmetric blunt-body flows by
the method of series expansion about the shock-wave axis
of symmetry and about zero angle of attack are given in
Ref 1 Equations (8a, 8b, 9a, lOa, and 11) of that report
govern two-dimensional asymmetric flow The boundary
conditions at the shock wave and explicit expression for the
function/(^) [Eqs (9a) and (lOa) of Ref 1], are derived in
Appendix I of Ref 3 The differential equations governing


